We introduce an anti-symmetric metric into a 3-algebra and call it a symplectic 3-algebra. The N = 6, Sp(2N ) × U (1) superconformal Chern-Simons-matter theory with SU (4) R-symmetry in three dimensions is constructed by specifying the 3-brackets in a symplectic 3-algebra.
without consulting to the 3-algebra approach, an N = 6 superconformal CSM theory with gauge group U (N ) × U (N ), SU (4) R-symmetry and U (1) global symmetry. They also argued that at level k, the theory describes the low energy limit of N M2-branes probing a C 4 /Z k singularity. At large-N limit, it becomes the dual theory of M theory on AdS 4 × S 7 /Z k [18] . Some further analysis of the ABJM model can be found in Ref. [19, 20] . The superconformal gauge theories in D = 3 with more or less supersymmetries can be obtained by taking a conformal limit of D = 3 gauged supergravity theories [21, 22] . By generalizing Gaiotto and Witten's construction [23] of N = 4 CSM theories, not only was the ABJM model re-derived (as a special case of U (M ) × U (N ) CSM theories), but also two new theories, N = 5, Sp(2M ) × O(N ) and N = 6, Sp(2M ) × O(2) CSM theories, were constructed in Ref. [24, 25] . Their M theory and string theory dualities were studied in Ref. [26] .
Recently Bagger and Lambert [27] have constructed the N = 6 ABJM model in a modified 3-algebra approach, in which the structure constants are no longer required to be totally antisymmetric. By specifying the 3-brackets and taking a symmetric, gauge invariant metric on the 3-algebra, they are able to reproduce the ABJM model. However, it remains unclear whether another important class of N = 6 CSM theories, namely the ones with gauge group Sp(2M )×O (2) , can be constructed in the 3-algebra approach or not. In this paper we will propose to solve this problem by introducing an anti-symmetric metric into the 3-algebra, which we call a symplectic 3-algebra. Then we will first present a general construct of N = 6 superconformal CMS theories with SU (4) R-symmetry by utilizing the symplectic 3-algebras, and then to re-derive the N = 6, Sp(2N ) × U (1) superconformal CSM theories.
We adopt the same definition of a 3-algebra as in Ref. [27] , namely we require the structure constants to be anti-symmetric only in the first two indices. For a symplectic 3-algebra, i.e. with an anti-symmetric metric, the inner product of two fields valued in it is defined as
where ω ab = −ω ab . Its inverse is ω ab , satisfying ω ab ω bc = δ a c . We will use them to lower or raise 3-algebra indices. Requiring the metric to be anti-symmetric is the main difference between our model and that of Bagger and Lambert [27] .
The form of our fundamental three-brackets that define a 3-algebra is similar to that of Bagger and Lambert [27] :
with the structure constants f abc d anti-symmetric only in the first two indices [27] :
But we note that in our formulation the three upper indices of f abc d are on equal footing, not exactly the same as f abc d of Bagger and Lambert.
Further we assume the structure constants satisfy the following fundamental identity (FI)
Also we note that our FI is not exactly the same as that of Bagger and Lambert [27] . Some terms in eq. (1.4), when compared with the corresponding terms in the FI in Ref. [27] , have the opposite sign due to the antisymmetric metric. (See eq.(1.7) below.) We call the 3-algebra defined by the above Eqs.(1.1) to (1.4) a symplectic 3-algebra. To construct an N = 6 CSM theory, namely to close the N = 6 super-algebra, we need to impose further constraints on the structure constants. Specifically, we will require that f abcd ≡ ω de f abc e has the following symmetry properties:
(1.5)
The first equality is just the property of the 3-brackets (1.2). The second and third equalities are additional constraints to be imposed on the structure constants. With these symmetry conditions (1.5), the FI (1.4) can be written in the following form:
where f ab cd ≡ ω ce f abe d . Later, we will use this form of the FI's in proving the closure of the supersymmetry algebras. The FI (1.6) may also be wirtten in some other forms; for example,
Moreover, later we will see, to ensure the anti-hermiticity of the gauge field, f ab cd are also required to satisfy the hermitian condition [27] :
Hence it is also natural to require that
This is essentially the second equality of property (1.5). The paper is organized as follows. In section 2, we study the supersymmetry transformations of physical fields valued in a symplectic 3-algebra, and construct the Lagrangian of the superconformal Chern-Simons-matter theories. In section 3, we derive the N = 6, Sp(2N ) × U (1) superconformal CMS theory from our Lagrangian by specifying the 3-brackets of the symplectic 3-algebra. In section 4, we present conclusions and discussions. Our convention and useful identities are given in the Appendix.
D = 3, N = 6 CSM Theories from Symplectic 3-Algebras
We first postulate that scalar and ferminon fields are symplectic 3-algebra valued, carrying a vector index, while the gauge fields carry two vector indices.
We then assume the theory has an SU (4) R-symmetry and a U (1) global symmetry. Combining the SU (4) R-symmetry and U (1) global symmetry, the eight complex scalar fields can be written as Z A a (A = 1, 2, 3, 4), and their corresponding complex conjugatē Z a A , where A is the R-symmetry index, a the 3-algebra index. We will follow a convention similar to that of Bagger and Lambert [27] : a superscript A indicates the fundamental representation 4 of SU (4); a subscript A indicates the4 of SU (4). Similarly, we label the fermionic fields by ψ Aa and ψ Aa . Z A a and ψ Aa carry U (1) charges 1 and -1, respectively. We label gauge fields byÃ µ c d , (µ = 0, 1, 2). For N = 6 SUSY, the supersymmetry parameters are in the fundamental representation of SO(6): ǫ I , I = 1, ..., 6. Since SO(6) ∼ = SU (4), we can relabel these generators by two SU (4) indices: ǫ AB = −ǫ BA . Namely, they transform as the 6 of SU (4). The reality condition ǫ * AB = ǫ AB = 1 2 ε ABCD ǫ CD implies that they do not carry a U (1) charge. To achieve conformal invariance, we assume that the local field theory is scale invariant. Under this assumption, we then propose the following manifest SU (4) R-symmetry, N = 6 SUSY transformations:
The covariant derivatives are defined as
and similar expressions for the fermionic fields. The gauge field is defined asÃ µ c d ≡ A µ b a f ca bd , where A b a is a 3-algebra tensor. We assume that the gauge field is antihermitian. So δÃ µ c d also has to be anti-hermitian. This requires that the structure constants of the 3-algebra satisfy the hermitian condition:
We require the on-shell closure of the supersymmetry algebra. Namely, after imposing equations of motion, the commutator of two supersymmetry transformations must be equal to a translation plus a gauge term. (Of course, later we need to show that the equations of motion that are required by the closure of the supersymmetry algbra can be derived from a Lagrangian that is both supersymmetric and gauge invariant.)
The commutator of two supersymmetry transformations acting on the scalar fields reads
where
The first term of eq. (2.5) is a translation, and the second represents a gauge transformation, as expected.
For the gauge field, using the FI (1.6) and some identities in the Appendix, we obtain
We recognize the first term as a translation, and the second a gauge transformation. To achieve the closure, we need to impose the following equation of motion for the gauge field:
As BL discovered [27] , 
(2.12)
Again, the first two term are a translation and a cgauge transformation, respectively. To achieve the closure of the supersymmetry algebra, we have to impose the following equations of motion for the fermionic fields:
To derive the equations of motion of the scalar fields, we take the super-variation of the equations of motion of the fermionic fields: δE Cd = 0. Two equations are obtained: One is
The other equation is equivalent to the equation of motion of the gauge field(2.10). Now, we need to construct an invariant Lagrangian from which all equations of motion can be derived. We will use δ a b and f ab cd of the symplectic 3-algebra to construct the Lagrangian, because they are gauge invariant quantities: δΛδ a b = 0 and δΛf ab cd = 0, wherẽ Λ a d = Λ c b f ab cd are the parameters of gauge transformations. The gauge invariance of δ a b is obvious, while δΛf ab cd = 0 is just equivalent to the FI (1.6). Also, the metric and the structure constants, ω ab and f abc d respectively, of the symplectic 3-algebra have to be preserved under gauge transformations, at least in a weaker sense, namely
In other words, we require that the metric ω ab at most gets multiplied by an overall phase factor under an arbitrary gauge transformation. Otherwise the symplectic structure of the 3-algebra would be violated. The same requirement applies to the structure constants f abc d .
Note that δΛf ab cd = δΛ(ω ce f abe d ) = 0, δΛω ab = Cω ab implies δΛf abc d = −Cf abc d , where C does not carry any 3-algebra index. It is therefore sufficient to examine δΛω ab . By definition,
So, if we require that δΛω ab = Cω ab , we have to set
This equation imposes a rather strong constraint on f ab cd . In summary, to preserve the structure of the symplectic 3-algebra, we have to choose f ab cd such that δΛω ab = Cω ab . (One might attempt to require that the metric is gauge invariant, or δΛω ab = 0. However, this requirement turns out to be too restrictive to construct a physically interesting model, at least for the N = 6 case.)
The equations of motions of the gauge, fermion and scalar fields, Eqs. (2.10), (2.13) and (2.14) respectively, can be derived from the following Lagrangian:
Here the scalar potential V is
It can be recast into the following form [27] :
The Chern-Simons term in the Lagrangian is
Notice that only gauge invariant objects δ a b and f ab cd appear in the Lagrangian. Therefore our Lagrangian is gauge invariant. To derive the equations of motion of the scalar from the Lagrangian, one needs to use the FI (1.6).
Under supersymmetry variation (2.1), the action becomes
where Φ I represent the scalar, fermion and gauge fields. Taking into account the equations of motion, only a surface term is left in the right hand side of Eq. (2.22). So, indeed, the action has an N = 6 supersymmetry [28] . The Lagrangian (2.17) is the most general N = 6 CMS theory with SU (4) R-symmetry based on a symplectic 3-algebra. Formally it looks like that of Bagger and Lambert in Ref. [27] . However, we emphasize again that the metric ω ab we have used is anti-symmetric rather than symmetric. This is a nontrivial difference.
N = 6, Sp(2N) × U(1) CSM Theory
We first specify the 3-brackets
where ω(X, Y ) = ω ab X a Y b . The structure constants can be easily read off as
It is straightforward to check that the structure constants f ab cd satisfy the FI (1.6) and the hermitian condition, and have the required symmetry properties. Also, with the choice (3.3) of structure constants, the crucial requirement, δΛω ab = Cω ab , as well as δΛf abc d = −Cf abc d , are satisfied with C = −2kΛ e e . In other words, eq. (2.16) can be satisfied. Therefore the structure of the symplectic 3-algebra is preserved under arbitrary gauge transformations.
Substituting eq. (3.3) into eq. (2.17), and replacing A µ b a in the Lagrangian by 1 k A µ b a , we obtain the following Lagrangian:
Here the potential is
and the Chern-Simons term is
where the gauge fields A µ and B µ are defined as the Lie 2-algebra of the gauge group is completely determined through the FI. It turns out that the 3-algebra structure constants f ab cd given by Eq. (3.3) precisely generate the Lie 2-algebra of the Sp(2N ) × U (1) gauge group through the FI.
Substituting the expression of the structure constants (3.3) into (2.1), the supersymmetry transformation law now reads 
Conclusions and Discussions
In this paper, we first introduce the concept of symplectic 3-algebras. We then give a general formulation of N = 6 superconformal Chern-Simons-matter (CSM) theory with SU (4) R-symmetry based on the symplectic 3-algebras. By specifying the 3-brackets, we derive the N = 6, Sp(2N ) × U (1) superconformal CSM theory in our framework.
The N = 6 superconformal CSM theories in three dimensions have been completely classified in Ref. [29] by using group theory. The N = 6 CSM theories can also be classified by super Lie algebras [23, 25, 30] . Essentially, only two types are allowed: with gauge group Sp(2N ) × U (1) and U (M ) × U (N ), respectively. It would be interesting to see whether the latter can also be formulated in terms of a symplectic 3-algebra, namely whether our approach could provide a unified framework to describe all N = 6 superconformal theories. The question of reformulating the known CMS models in a 3-algebra approach is not merely of mathemtical interests. More important is whether or not the M2-branes physics would become simpler and more transparent if looked through a new mathematical framework, such as 3-algebras.
It would be also nice to find the gravity dual of the N = 6, Sp(2N )×U (1) CSM theory, and to investigate the integrability from both the gauge theory side and string/M theory side [31] . It would be interesting to generalize the symplectic 3-algebra model so that its gauge group has more general product structure, like those in quiver gauge theories.
